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1. Introduction

Strong algebraic properties of cyclic codes — easy encoded and
decoded

Very important subclass of linear codes.

Particularly efficient for error detection.



1. Introduction

Strong algebraic properties of cyclic codes — easy encoded and
decoded

Very important subclass of linear codes.
Particularly efficient for error detection.

Cyclic codes contains important subclass of codes referred to as
CRC codes



2. Description of cyclic codes

V= (Vo,Vl,...,Vn_l) ez

Cyclic Shift

v = (vo_1,v0, V1, ..., Va_2) — cyclic shift of V.

V() = (Vp_iy . V1,0, - - -, Vo_j_1) — components of ¥V shifted

i positions forward
(n, k) Cyclic Code

(n, k) linear code C — Every cyclic shift of every codeword is
again a codeword in C.



3. Thering Zy[x]/ < x"+1 >

Polynomial ring: Zs[x]/ < x" +1 >
a(x) = b(x) mod (x"+ 1) if (x" + 1)]a(x) — b(x).
[a(x)] = {b(x) € Zs[x] : a(x) = b(x) mod (x" + 1)}

Zs[x])/ < x"+ 1 >={[a(x)] : a(x) € Z2[x]} forms a ring under
multiplication and addition.



3. Thering Zy[x]/ < x"+1 >

Note that x” =1 mod (x" 4 1), because x” —1 = x"+1
XM =111

Furthermore, x"*! = x mod (x" + 1), because

X" x = X" x = x(x" 4 1)
o™ = [x], ete.

[a(x)] is simply written as a(x)



3. Thering Zy[x]/ < x"+1 >

using shorthand notation: a(x) = b(x) if x” 4+ 1|a(x) — b(x)

Ring Z[x]/ < x™ + 1 > contains all polynomials of degree less
than n.

This ring has 27 elements.

if a(x) = q(x)(x" + 1) + r(x), then
a(x) = r(x) € Zo[x]/ < x"+1>



4. The relation between Z7 and
Z2[X]/ <x"+1>

1-to-1 correspondence between Zj and Zo[x]/ < x" +1 >
1

V= _(vo,V1,.-.,Vp_1) — V(X) = vo + vix + Vox? + o vy X

v(x) — code polynomial, if v — codeword.

x'v(x) = viD(x) € Zo[x]/ < x"+1 >



4. The relation between Z7 and
Zolx]) < x"+1>

Minimum degree polynomial is unique
(n, k) cyclic codeword

Code polynomial g(X) =g t+tgx+...+ gr—eril 4+ x"
Minimum degree — unique
g(x) = go=1.

Go through proof on own time



4. The relation between Z7 and
Z2[X]/ <x"+1>

Multiples of g(x) forms codewords
gxX)=1+gx+@x®+...+g 1x1+x

Deg(g(x)) — minimum degree in code C
C ={a(x)g(x) € Zo[x]/ < x" +1>: a(x) € Zs[x]}.

Go through proof on own time



5. Example

Messages Codewords Code polinomials
(0000) (0000000) 0=0-g(x)
(1000) (1101000) 1+x+x*=1-g(x)
(0100) (0110100) x+x*+x*=x-g(x)
(1100) (1011100) 1+x*+x+x*=(1+x)-g(x)
(0010) (0011010) x2+x3—|—x5:x2-g(x)
(1010) (1110010) 1+x+x"+x>=(14+x°) g(x)
(0110) (0101110) x+x>+x"+x>=(x+x)g(x)
(1110) (1000110) 1+x*+x*=(1+x+x%) g(x)
(0001) (0001101) XP*+x*4+x%=(x) g(x)
(1001) (1100101) 1+4+x+x"+xt=(1+x%g(x)
(0101) (0111001) x+x*+x+x*=(x+x)g(x)
(1101) (1010001) 1+x>+x°=1+x+x%)g(x)
(0011) (0010111) XP+x"+x"+x%=(*+x%) g(x)
(1011) (1111111) 1+x+x2+x3+x*+x>+x°

= (1+x*+x%) - g(x)
(0111) (0100011) x+x+x°=(x+x>+x*) g(x)
(1111) (1001011) 1+x+x"+x%=1+x+x*+x) g(x)




4. The relation between Z7 and
Zolx]) < x"+1>

g(x) is a factor of x" + 1
The generator g(x) of a (n, k) cyclic code C is a factor of x" + 1.

Go through proof on own time

g(x) generates a cyclic code
Deg(g(x)) = n—k

g(x)Ix" +1
= g(x) generates an (n, k) cyclic code.

x" 4+ 1 — numerous factors of degree n — k

Some ‘good’ codes, others ‘bad’ codes



6. Systematic encoding of cyclic codes

©® U= (ug,u1,... u_1) = u(x)=up+ux+...+u_1xk1

O x"Ku(x) = upx"K + upx"F 4 x"L

© x"¥ul0) = o) + b e
x"Kyu(x) €
b(x) = | Deg(b(x)) < Deg(g(x)) x"*u(x) ¢ C

O b(x) + x""ku(x) = a(x)g(x) — codeword

(b07b1a"'7bn—k—17 Uo,Ul,...,Uk_]_)
~—_—— —

message



7. Example

x'+1=(x+1)3+x+1)(x3+x2+1).
Two factors of degree 3.

Each factor generates a (7,4) cyclic code.



8. Generator Matrix

(g0 & & - ... &k
0 g 8 & ...
G=|0 0 g @&

0 0 0 80 81

Generally, G not in systematic form

En—k

8n—k

o

8n—k |



8. Parity-check Matrix

Consider polynomial h(x) of degree k — x" + 1 = g(x)h(x)
Define reciprocal of h(x) as:

th(X_l) & hy + hp_1x + hk_1X2 +...+ hoXk.

[ he hk—1 hk—2 ... ... h 0 O

0 hx hg1 heo ... ... hy O

H = 0 0 hk hk,1 ho
0 0 ... 0 A h

H obtained from h(x) — h(x) - parity polynomial of C.

o

ho




8. Parity-check Matrix

Dual Code of C
C — g(x)

Dual code — x¥h(x™1), h(x) = (x" 4+ 1)/g(x)

Dual code of C is also cyclic



9. The generator matrix of a cyclic code
in systematic form

Divide x"~%*/ by g(x) for i =0,1,2,...,k—1

X"k = a(x)g(x) + bi(x), with
b,‘(X) = bjgp + bj1x + b,'2X2 + ...+ b,'7,,,k,1Xn7k71

bi(x) + x"~k*i'is a codeword in C.



9. The generator matrix of a cyclic code
in systematic form

bi(x) + x""k*1 is a codeword in C.

boo bo1 b ... bopk-1 1 0 O
bio b1y b ... bipk—1 0 1 0
0 0 1

G = bao bo1 by ... ban—k-—1

bi_10 bi—11 bk—12 ... bxk—ink-1 0 0 O

o



9. The generator matrix of a cyclic code
in systematic form

Corresponding parity-check matrix for C is



9. The generator matrix of a cyclic code
in systematic form

Corresponding parity-check matrix for C is

1 0 0 . 0 bgo b10 bk—l,O
010 ...0 bo1 bi1 - bk-1,1
H = 00 1 . 0 b02 b12 e bk_l’g

000 ... 1 bopk-1 brpk-1 -+ brk-1nk-1 |




10. Example

(7,4) cyclic code generated by g(x) =1 + x + x°.

Calculate the ith basis vector v; of G by dividing x3*/ by g(x).



10. Example

(7,4) cyclic code generated by g(x) =1 + x + x°.

Calculate the ith basis vector v; of G by dividing x3*/ by g(x).

g(x) +(1+x)

xg(x) + (x + x2)
(x®+1)g(x) + (1 + x + x?)
(3 + x4+ 1)g(x) + (1 + x).



10

1+x+x°
x—|—x2+x4
1+x+x24+x°
1+ x%+ x5,

. Example



10. Example

} |

1101000
0110100
1110010
1010001

i

)
Vi
V2
V3



11. Syndrome computation and error
detection

Syndrome calculation
r(x) = a(x)g(x) + s(x)

n — k coefficients of s(x) — syndrome §.

Go through proof on own time

Syndrome of cyclically shifted vector

s(x) syndrome of r(x) = ro + rix + ...+ rp_1x"L.

Remainder s(V)(x) — dividing xs(x) by g(x) = syndrome of r(!)(x)

Go through proof on own time



12. Error Correction

Syndrome decoding method is used to decode cyclic codes.



13. Error Correction - Example

(7,4) cyclic code C generated by g(x) = 1+ x + x3.
dmin =3

27 = 128 vectors in Z§

2% = 16 codewords in C — 128/16 = 8 cosets for C.

The seven single-error patterns and the all-zero vector form the
coset leaders of the decoding table.



13. Error Correction - Example

Table: Error patterns and the corresponding syndromes

Error pattern ‘ Syndrome




13. Error Correction - Example

Table: Error patterns and the corresponding syndromes

Error pattern Syndrome
e(x)=x"=1]s(x)=1
ea(x)=x' | s(x) =

eg(x) = x2 s(x) = x?

e3(x) = x3 s(x) =1+

eq(x) = x* s(x) =x+

es(x) = x° s(x):1+x+x
es(x) = x° s(x) =1+

r(x) =14 x+x*

r(x) = xg(x) + x2+1 = s(x) = x> + 1 — e5(x)
c(x) = r(x)+ eg(x) = 1+ x + x* + x°.



14. Error Detection

Cyclic codes are very effective for detecting random as well as
burst errors.

Burst error
An error pattern € where all the errors are contained in /
consecutive positions is called a burst error of length /.

Example: error pattern (0101010 0) — burst error of length 5.



14. Error Detection

End-around burst

For a cyclic code, an error pattern with errors confined to i
high-order positions and / — i low-order positions is also regarded
as a burst of length / and is called an end-around burst.

Example: error pattern (010100 1) — end-around burst of
length 5.



14. Error Detection

Burst error length

An (n, k) cyclic code is capable of detecting any error bursts of
length n — k or less, including the end-around bursts.
NB: Proof



14. Error Detection

bursts of length n — k 4+ 1

The probability of an undetected error burst of length n — k + 1 is
o—(n—k-1)

(No Proof)



14. Error Detection

bursts longer than n — k 4+ 1

The probability of an undetected error burst of length
I>n—k+1is2-(n=k),

(No Proof)



